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TWISTED CONJUGACY CLASSES IN TWISTED CHEVALLEY GROUPS
SUSHIL BHUNIA, PINKA DEY, AND AMIT ROY
ABSTRACT. Let G be a group and ϕ be an automorphism of G. Two elements
x, y ∈ G are said to be ϕ-twisted if y = gxϕ(g)−1 for some g ∈ G. We say that
a group G has the R∞-property if the number of ϕ-twisted conjugacy classes
is infinite for every automorphism ϕ of G. In this paper, we prove that twisted
Chevalley groups over the field k of characteristic zero have the R∞-property
as well as S∞-property if k has finite transcendence degree over Q or Aut(k) is
periodic.
1. INTRODUCTION
Let G be a group and ϕ be an automorphism of G. Two elements x, y of G
are said to be twisted ϕ-conjugate, denoted by x ∼ϕ y, if y = gxϕ(g)
−1 for
some g ∈ G. Clearly, ∼ϕ is an equivalence relation on G. The equivalence
classes with respect to this relation are called the ϕ-twisted conjugacy classes or
the Reidemeister classes of ϕ. If ϕ = Id, then the ϕ-twisted conjugacy classes are
the usual conjugacy classes. The ϕ-twisted conjugacy class containing x ∈ G
is denoted by [x]ϕ. The Reidemeister number of ϕ, denoted by R(ϕ), is the
number of all ϕ-twisted conjugacy classes. A group G has the R∞-property if
R(ϕ) is infinite for every automorphism ϕ of G.
This Reidemeister number is closely related to the Nielsen number, which is
a homotopy invariant. More precisely, for a compact connected manifold M of
dimension at least 3 and a continuous map f : M → M , the minimal num-
ber of the fixed-point set varying over all the maps homotopic to f is same as
the Nielsen number N(f). This number is bounded above by the Reidemeis-
ter number R(f#), where f# is the induced map on π1(M). If all the essential
fixed-point classes have the same fixed-point index then either N(f) = 0 or
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N(f) = R(f#) (we refer the reader to [Jia83, p. 37, Theorem 5.6] for details).
SinceN(f) is always finite, we getN(f) = 0whenR(f#) is infinite. Thus, R(f#)
is infinite implies that we can deform f up to homotopy to a fixed-point free
map.
In this context, we recall a classical result by Robert Steinberg, which says
that for a connected linear algebraic group G over an algebraically closed field
k and a surjective endomorphism ϕ of G, if ϕ has a finite set of fixed points then
G = {gϕ(g)−1 | g ∈ G} = [e]ϕ, i.e., R(ϕ) = 1 (see [Ste68a, Theorem 10.1]). In
particular, any semisimple linear algebraic group G over an algebraically closed
field k with char k = p > 0 possesses an automorphism ϕ (Frobenius auto-
morphism) with finitely many fixed points, which implies from the Steinberg
theorem that R(ϕ) = 1. So unless otherwise specified we will assume that the
field has zero characteristic.
The problem of determining which classes of groups have the R∞-property is
an active area of research initiated by Fel’shtyn and Hill [FH94]. This problem
has a long list of references, for example, see [Lev07, FG08, Nas12, MS14, Nas16]
just to name a few. For a nice introduction to the subject, we refer the readers to
[Fel10, FN16] and the references therein.
The theory of Chevalley group was introduced by Claude Chevalley himself
in [Che55], and further developed by Robert Steinberg [Ste59]. Motivation of
the present work comes from the results of Nasybullov and Fel’shtyn. They
proved that a Chevalley group G over a field k of characteristic zero possesses
the R∞-property if the transcendence degree of k over Q is finite and G is of
type Φ, or Aut(k) is periodic and G is of type Φ 6= A1 (see [FN16, Theorem 3.2].
Also, see [Nas14, Theorem 1, Theorem 2] for details). It is worth mentioning
that a reductive linear algebraic group G over an algebraically closed field k
of characteristic zero possesses the R∞-property if the transcendence degree of
k over Q is finite and the radical of G is a proper subgroup of G (see [FN16,
Theorem 3]). Later Nasybullov generalized the results over certain rings for
classical type Chevalley groups. A Chevalley group G of type Al, Bl, Cl or Dl
over a local integral domain k of zero characteristic possesses the R∞-property
if Aut(k) is periodic (see [Nas12, Theorems 1, 2] and [Nas16, Theorem 1]).
The following natural question arises in this context:
Question 1.1. What can we say about the R∞-property of the twisted Chevalley
groups (or Steinberg groups)?
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The main results of this paper are the following, which solves the Question
1.1 over a field k of characteristic zero with finite transcendence degree over Q
or Aut(k) is periodic. In a sequel, we will do this for twisted Chevalley groups
over an integral domain k under the same assumptions on k as Nasybullov did.
Theorem 1.2. Let G′ be a twisted Chevalley group over the field k with char k = 0. If
the transcendence degree of k over Q is finite, then G′ possesses the R∞-property.
Examples of such fields are Q(T1, T2, . . . , Tn), Q¯, Q¯(T1, T2, . . . , Tn), etc.
Theorem 1.3. Let G′ be a twisted Chevalley group over the field k with char k = 0. If
Aut(k) is periodic, then G′ possesses the R∞-property.
Some examples of such fields are: any number field, the real numbers R, the
p-adic fields Qp, etc.
We apply these theorems to give the following characterization of the S∞-
property in twisted Chevalley groups. Suppose Ψ ∈ Out(G) := Aut(G)/Inn(G).
Two elements α, β ∈ Ψ are said to be isogredient (or similar) if β = ig ◦ α ◦ ig−1
for some g ∈ G, where ig(h) = ghg
−1. Clearly, this is an equivalence relation
on Ψ. Let S(Ψ) denote the number of isogredient classes of Ψ. If Ψ = IdG, then
S(IdG) is the number of usual conjugacy classes of G/Z(G). A group G has the
S∞-property if S(Ψ) = ∞ for all Ψ ∈ Out(G) (we refer the reader to [FT15] for
details). Any non-elementary hyperbolic group satisfies the S∞-property (see
[LL00]). It follows from the works of Nasybullov that the Chevalley group has
the S∞-property under the same condition as above on the field k (though it was
implicit there). For example, see [FN16]. In this direction, we have the following
result:
Corollary 1.4. Let G′ be a twisted Chevalley group over the field k with char k = 0.
If the transcendence degree of k over Q is finite or Aut(k) is periodic, then G′ possesses
the S∞-property.
The problem of determining when the identity class [e]ϕ is a subgroup of G
was initiated by Bardakov et al. in [BNN13]. Also, see [GN19] for some recent
works. In [Nas14, Theorems 3, 4], Nasybullov proved that [e]ϕ is a subgroup of
a Chevalley group G over k if and only if ϕ is a central automorphism, provided
that the field k over Q has finite transcendence degree or Aut(k) is periodic. We
extend this result to the twisted Chevalley groups and prove the following:
4 SUSHIL BHUNIA, PINKA DEY, AND AMIT ROY
Corollary 1.5. Let G′ be a twisted Chevalley group over the field k with char k =
0. Suppose that the transcendence degree of k over Q is finite or Aut(k) is periodic.
The ϕ-twisted conjugacy class [e]ϕ is a subgroup of G
′ if and only if ϕ is a central
automorphism of G′.
Structure of the paper. This paper is the study of the R∞ and S∞-property of
the twisted Chevalley groups. In Section 2, we cover the preliminaries. The
final section is devoted to the proof of Theorem 1.2 and Theorem 1.3, and their
applications (Corollary 1.4 and Corollary 1.5).
2. PRELIMINARIES
In this section, we fix some notations and terminologies, and recall some re-
sults which will be used throughout this paper. Most of the notions are from
Carter [Car89]. Let k be a field of characteristic zero.
2.1. Chevalley groups. We refer the interested reader to the original work of
Chevalley [Che55]. Let L be a complex semi-simple Lie algebra and H be a
Cartan subalgebra. Consider the adjoint representation ad : L → gl(L) given by
adX(Y ) = [X, Y ]. Thus we have the Cartan decomposition
L = H
⊕∑
α∈Φ
Lα,
where Lα = {X ∈ L | adH(X) = α(H)X, ∀H ∈ H} are root spaces of L
and Φ is a root system with respect to H. Also, we fix ∆ and Φ+ be a simple
(or fundamental) root system and positive root system respectively. Therefore
dimC(L) = |Φ| + |∆|. Chevalley proved that there exists a basis of L such that
all the structure constants, which define L as a Lie algebra, are integers (for
example, see [Car89, Theorem 4.2.1]). This is a key theorem to define Chevalley
groups. Let hα ∈ H be the co-root corresponding to the root α. Then, for each
root α ∈ Φ, an element eα can be chosen in Lα such that [eα, e−α] = hα. The
elements
{hα, α ∈ ∆; eα, α ∈ Φ} (2.1)
form a basis for L, called a Chevalley basis.
The map adeα is a nilpotent linear map on L. Let t ∈ C, then ad(teα) = t(adeα)
is also nilpotent. Thus exp(t(adeα)) is an automorphism of L. We denote by LZ
the subset of L of all Z-linear combinations of the Chevalley basis elements of
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L. Thus LZ is a Lie algebra over Z. We define Lk := LZ ⊗Z k. Then Lk is a Lie
algebra over k with respect to the natural Lie multiplication.
So we are in a position to define the Chevalley groups of adjoint type or the el-
ementary Chevalley groups over any field k. The adjoint Chevalley group of type
Φ over the field k, denoted byG(Φ, k) or simplyG, is defined to be the subgroup
of automorphisms of the Lie algebra Lk generated by xα(t) := exp(t(adeα)) for
all α ∈ Φ, t ∈ k. In fact, the group G over k is determined up to isomorphism by
the simple Lie algebra L over C and the field k. Let G˜ be the group generated
by the elements exp(teα) for all α ∈ Φ and all t ∈ k. Thus there is a natural
homomorphism from G˜ onto G given by exp(teα) 7→ exp(t(adeα)) such that the
kernel of this map is the center of G˜. Hence G˜
Z(G˜)
∼= G. The group G˜ is called
universal Chevalley group of type Φ over k. If N is any subgroup of Z(G˜), then
the factor group G˜/N is called Chevalley group. Following notations will be used
throughout this paper:
nα(t) : = xα(t)x−α(−t
−1)xα(t)
hα(t) : = nα(t)nα(1),
where α ∈ Φ, t ∈ k×.
2.2. Twisted Chevalley groups. Every classical group can be thought of as a
Chevalley group or as a twisted Chevalley group. In general, the classical
groups are the linear, symplectic, orthogonal and unitary groups correspond-
ing to forms whose Witt index is sufficiently large. The twisted groups were
discovered independently by R. Steinberg (cf. [Ste59]) and J. Tits (cf. [Tit58]).
For our exposition, we will follow Steinberg’s approach. The twisted Cheval-
ley groups can be obtained as certain subgroups of the Chevalley groups G =
G(Φ, k) ≤ Aut(Lk), where L is a Lie algebra over C and Lk is the corresponding
Lie algebra over k. We refer the reader to [Car89] and [Ste68b] for details.
Definition 2.1 (Graph automorphism). A symmetry of the Dynkin diagram in-
duces this type of automorphisms. A symmetry of the Dynkin diagram of L is a
permutation ρ of the nodes of the diagram such that the number of edges join-
ing nodes i, j is the same as the number of edges joining nodes ρ(i), ρ(j) for all
i 6= j, i.e., if nij is equal to the number of edges joining the nodes corresponding
to αi, αj ∈ ∆ (simple roots), then nij = nρ(i)ρ(j). Any graph automorphism will
be denoted by ρ¯.
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Definition 2.2 (Field automorphism). Let f be an automorphism of the field k,
then the map
f˜ : G→ G defined by f˜(xα(t)) = xα(f(t)), α ∈ Φ, t ∈ k
can be extended to an automorphism ofG. The automorphisms obtained in this
way are called field automorphisms. We shall abuse the notation slightly and
denote the field automorphism of G by f itself.
Since we are considering only char k = 0, then graph automorphisms exist
only for the root systems of types Al (l ≥ 1),Dl (l ≥ 4), E6 andD4, and the order
of the graph automorphisms are 2, 2, 2 and 3 respectively. Let ρ be a non-trivial
symmetry of the Dynkin diagram of L then the order of ρ is 2 or 3. For this
article, by a Chevalley group of type Φ we always mean one of the following
four types: Al (l ≥ 1), Dl (l ≥ 4), E6 and D4.
Let G be the Chevalley group of type Φ. Then there is a graph automorphism
ρ¯ of G such that
ρ¯(xα(t)) = xρ(α)(t),
for all α ∈ ∆ and t ∈ k. Let f : G → G be a field automorphism, i.e., f(xα(t)) =
xα(f(t)), then
(ρ¯f)(xα(t)) = ρ¯(xα(f(t))) = xρ(α)(f(t)) = f(xρ(α)(t)) = f(ρ¯(xα(t))) = (f ρ¯)(xα(t))
for all α ∈ ∆ and t ∈ k. Therefore f ◦ ρ¯ = ρ¯ ◦ f , as G is generated by xα(t). Let n
be the order of ρ, then
ρ¯n · xα(t) = xρn(α)(t) = xα(t)
for all α ∈ ∆. Therefore ρ¯n = Id. Hence for the automorphism σ := ρ¯◦f : G→ G,
we have σn = ρ¯nfn = fn. Let us choose a non-trivial field automorphism f of
order n so that σn = Id. To describe the twisted Chevalley group the following
important theorem will be useful.
Lemma 2.3. [Car89, p. 225, 13.4.1] Let G be a Chevalley group of type Φ over a
field k of char k = 0, whose Dynkin diagram has a non-trivial symmetry ρ. Let ρ¯ be
the graph automorphism corresponding to ρ and f be a non-trivial field automorphism
chosen such that σ = ρ¯f satisfies σn = Id, i.e., f is chosen so that fn = Id, where n is
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the order of ρ which is either 2 or 3. Then we have
σ(U) = U, where U = 〈xα(t) | α ∈ Φ
+, t ∈ k〉,
σ(V ) = V , where V = 〈xα(t) | α ∈ Φ
−, t ∈ k〉,
σ(H) = H, where H = 〈hα(t) | α ∈ Φ, t ∈ k
×〉,
σ(N) = N, where N = 〈H, nα(1) | α ∈ Φ〉,
and σ : N/H ∼= W →W is given by σ(wα) = wρ(α) for all α ∈ ∆, here wα denotes the
reflection in the hyperplane orthogonal to α.
Note that U is nilpotent (resp. V is nilpotent). Also, observe that H ≤ Ĥ :=
{h(χ) | χ : ZΦ → k×} ≤ NAut(Lk)(G). H may also be viewed as a subgroup of G
consisting of all automorphisms h(χ) of Lk for which a k-character χ of ZΦ can
be extended to a k-character of Z〈q1, q2, . . . , ql〉, where q1, . . . , ql are fundamental
weights (we refer the reader to [Car89, p. 98] for details).
Now we are in a position to define the twisted Chevalley groups as a certain
subgroups of the Chevalley groups which are fixed elementwise by the auto-
morphisms σ = ρ¯f , where ρ¯ is a graph automorphism and f is a field automor-
phism of G.
Definition 2.4. The following notations will be used henceforth.
(1) U ′ := {u ∈ U | σ(u) = u}.
(2) V ′ := {v ∈ V | σ(v) = v}.
(3) G′σ := 〈U
′, V ′〉 ≤ G
(4) H ′ := H ∩G′σ.
(5) N ′ := N ∩G′σ.
The group G′σ is called twisted Chevalley group of adjoint type with respect
to the automorphism σ. It is important to note that G′σ ⊂ G
σ := {g ∈ G | σ(g) =
g} need not be a subgroup of Gσ (for details, see [Ste68b, p. 101, Corollary]).
Similarly, we can define Ĥ ′ := Ĥ ∩ NAut(L)(G
′
σ), which contains H
′ and nor-
malizes G′σ. This will be useful to describe the diagonal automorphisms of the
twisted Chevalley group in the next section. In this context, we recall an impor-
tant result by R. Steinberg, which says that all the twisted Chevalley groups of
adjoint type are simple (with few exceptions), see [Ste59, p. 884, Theorem 8.1].
Also, we can define the universal twisted Chevalley group G˜′σ (resp. twisted
Chevalley group as G′ := G˜′σ/N where N ≤ Z(G˜
′
σ)) as in Section 2.1. Then we
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have the following short exact sequence of groups
1 // Z(G′) // G′ // G′σ
// 1 , (2.2)
where G′σ is twisted Chevalley group of adjoint type.
Remark 2.5. It follows from [Ste68b, p. 22, Lemma 28 (d)] that the center Z(G˜)
of the universal Chevalley group G˜ is finite. Also, observe that the center of the
universal twisted Chevalley group, Z(G˜′σ) = Z(G˜)
σ = {g ∈ Z(G˜) | σ(g) = g}
(see [Ste68b, p. 102, Exercise]), is finite. Thus the center of the Chevalley group
Z(G′) is finite.
Example 2.6. (1) [Ste59, p. 882, Section 6] Let L = Al (l ≥ 2). Then the
adjoint Chevalley group is G ∼= PSLl+1(k) and the universal Chevalley
group is G˜ ∼= SLl+1(k). The twisted Chevalley group of adjoint type is
G′σ
∼= PSUl+1(k,H) and the universal twisted Chevalley group is G˜
′
σ
∼=
SUl+1(k), where
H = ǫ

1
−1
1
−1
...

here ǫ ∈ k such that ǫ+ ǫ¯ = 0 if l is odd and ǫ = 1 if l is even.
(2) [Ste59, p. 886, Section 9] Let L = Dl (l ≥ 5), then the adjoint Chevalley
group is G ∼= PΩ2l(k, BD) and the universal Chevalley group is G˜ ∼=
Ω2l(k, BD), where BD = x1x−1 + · · ·+ xlx−l (quadratic form over k). The
adjoint twisted Chevalley group is G′σ
∼= PΩ2l(k0, B) and the universal
Chevalley group is G˜′σ
∼= Ω2l(k0, B), where B = x1x−1+ · · ·+xl−1x−(l−1)+
(xl − dx−l)(xl − d¯x−l) (quadratic form over k0), and k = k0(d).
2.3. Automorphisms of twisted Chevalley groups. To study the R∞-property
of a group, it is important to understand the automorphisms of the given group.
In this sectionwe recall three fundamental types of automorphism of the twisted
Chevalley group. We refer the reader to [Car89, p. 200] for details.
Definition 2.7 (Inner automorphism). Given any x ∈ G′σ, we define
ix : G
′
σ → G
′
σ given by ix(g) = xgx
−1
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is an automorphism of G′σ. The automorphism ix is called an inner automor-
phism of G′σ induced by x.
Definition 2.8 (Diagonal automorphisms). Let h ∈ Ĥ ′ \H ′. Then the map
dh : G
′
σ → G
′
σ given by dh(g) = hgh
−1
is an automorphism of G′σ, since G
′
σ is normalized by Ĥ
′. The automorphism
dh is called a diagonal automorphism. The diagonal automorphisms of G
′
σ are
obtained by conjugating with suitable diagonal matrices.
Definition 2.9 (Field automorphism). Let f be an automorphism of the field k,
then the map
f¯ : G′σ → G
′
σ given by f¯(xα(t)) = xα(f(t)), α ∈ Φ, t ∈ k
can be extended to an automorphism of G′σ. The automorphisms obtained in
this way are called field automorphisms. In terms of matrices this amount to
replacing each term of the matrix by its image under f .
The following lemma will be used in the proof of our main theorems.
Lemma 2.10. Let D be the group of all diagonal automorphisms of G′σ and Γ be the
group generated by all field and diagonal automorphisms of G′σ, then D is a normal
subgroup of Γ.
Proof. Clearly, D is a subgroup of Γ. Let f¯ be a field automorphism of G′σ and
dh ∈ D, here h = diag(h1, . . . , h|∆|+|Φ|) ∈ Ĥ ′\H
′, hi ∈ k
×. Suppose g = (gij) ∈ G
′
σ,
then we have
f¯dhf¯
−1(gij) = f¯dh(f
−1(gij)) = f¯h(f
−1(gij))h
−1 = f¯(hif
−1(gij)h
−1
j )
= (f(hif
−1(gij)h
−1
j )) = (f(hi)gijf(h
−1
j )) = dh˜(gij)
where h˜ = diag(f(h1), . . . , f(h|∆|+|Φ|)). HenceD is a normal subgroup of Γ. 
2.4. Some useful results.
Lemma 2.11. [Ste68b, p. 106, Theorem 36] If Id 6= σ (= ρ¯f), then every automor-
phism ϕ of G′σ is a product of an inner automorphism ig, a diagonal automorphism dh
and a field automorphism f¯ , i.e., ϕ = f¯ ◦ dh ◦ ig for some g ∈ G
′
σ and h ∈ Ĥ
′.
Lemma 2.12. [FsLT08, Corollary 3.2] Suppose ϕ ∈ Aut(G) and ig ∈ Inn(G) then
R(ϕig) = R(ϕ). In particular, R(ig) = R(Id), i.e., the number of inner twisted conju-
gacy classes in G is equal to the number of conjugacy classes in G.
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Lemma 2.13. [MS14, Lemma 2.2] Let 1 → N → G → Q → 1 be an exact sequence
of groups. Suppose thatN is a characteristic subgroup ofG andQ has theR∞-property,
then G also has the R∞-property.
Let Q be the field of rational numbers, π be the set of prime numbers and 2pi
be the set of all subsets of π. Then define the following map
ν : Q→ 2pi
by ν(a/b) = {all prime divisors of a} ∪ {all prime divisors of b}, where a and b
are mutually prime integers. Using the map ν we have the following result.
Lemma 2.14. [FN16, Lemma 5] Let k be a field of characteristic zero such that the
transcendence degree of k over Q is finite. If the automorphism f of the field k acts on
the elements z1, z2, . . . of the field k by the rule
f : zi 7→ αaizi,
where α ∈ k, 1 6= ai ∈ Q ⊂ k and ν(ai) ∩ ν(aj) = ∅ for i 6= j, then there are only a
finite number of non-zero elements among z1, z2, . . ..
Lemma 2.15. [Nas14, Lemma 6] Let R be an integral domain and M be an infinite
subset ofR. Let f(T ) be a non-constant rational function with coefficients from the ring
R. Then the set P = {f(a) | a ∈M} is infinite.
The proof of the following result is similar to the Chevalley group case as in
[Nas14, Lemma 7] and hence we skip the details.
Lemma 2.16. Let g(T ) = hα1(T )hα2(T ) · · ·hαl(T ) be an element of the twisted Cheval-
ley group over k(T ) and χ : ZΦ→ k∗ be a homomorphism. Then for anym, an element
g(T )mh(χ) with respect to the Chevalley basis has a diagonal form such that its trace
belongs to k(T ) \ k.
Lemma 2.17. [FT15, Theorem 3.4] Suppose |Z(G)| < ∞. Then G has the R∞-
property if and only if G has the S∞-property.
Lemma 2.18. [BNN13, Propositions 1, 12] If the ϕ-conjugacy class [e]ϕ of the unit
element e of a group G is a subgroup, then it is always a normal subgroup. If ϕ is a
central automorphism of G, then [e]ϕ is a subgroup of G.
Let N be a normal subgroup of G which is stable under ϕ, then we denote e¯
the identity element of the factor group G/N and denote ϕ¯ an automorphism
induced by ϕ on G/N .
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Lemma 2.19. [BNN13, Proposition 5] Let G be a group such that for some automor-
phism ϕ of G, the twisted conjugacy class [e]ϕ is a subgroup of G. Suppose that N is a
normal ϕ-stable subgroup of G. Then the ϕ¯-conjugacy class [e¯]ϕ¯ is a subgroup of G/N .
3. PROOFS OF THE RESULTS
We are now ready to establish our two main theorems.
3.1. Proof of Theorem 1.2. The argument in the case of Chevalley groups may
be followed here verbatim. In view of Equation (2.2) and Lemma 2.13, it is
enough to prove this theorem for twisted Chevalley group of adjoint typre G′σ.
Let ϕ ∈ Aut(G′σ), then by Lemma 2.11 we have ϕ = f¯ ◦ dh ◦ ig, where ig is an
inner automorphism for some g ∈ G′σ, dh is a diagonal automorphism for some
h ∈ Ĥ ′ and f¯ is a field automorphism. By Lemma 2.12, we may assume that
ϕ = f¯ ◦ dh. In view of Lemma 2.10, we have ϕ = dh˜ ◦ f for some h˜ ∈ Ĥ
′.
Claim: R(ϕ) =∞.
Suppose if possible R(ϕ) <∞. Let
gi = hα1(pi1)hα2(pi2) · · ·hαl(pil),
where pij are primes. Now writing gi with respect to the aforementioned
Chevalley basis (2.1), we get
gi = diag(ai1, ai2, . . . , ai|φ|; 1, . . . , 1︸ ︷︷ ︸
l
),
where aij ∈ Q such that ν(aij) 6= ∅ and ν(aij) ∩ ν(ars) = ∅ for i 6= r, since
ν(aij) ⊂ {pi1, . . . , pil} for all i, j. Since aij ∈ Q and field automorphism acts
identically on the prime subfield Q of k, then f¯(gi) = gi. Also, the diagonal
automorphism dh acts by conjugation. Here h is an (|Φ| + |∆|) × (|Φ| + |∆|)-
diagonal matrix and gi is diagonal as well, so dh(gi) = gi for all i. Therefore
ϕ(gi) = (f¯ ◦ dh)(gi) = gi for all i. Since we are assuming that the number of
ϕ-twisted conjugacy classes is finite, without loss of generality, we may also
assume that gi ∼ϕ g1 for all i = 2, 3, . . .. Therefore
g1 = zigiϕ(z
−1
i ) = zigi(f¯dh)(z
−1
i ) = zigi(dh˜f¯)(z
−1
i ) = zigih˜f¯(z
−1
i )h˜
−1
for some zi ∈ G
′
σ for all i = 2, 3, . . .. Hence g1h˜ = zi(gih˜)f¯(z
−1
i ). This implies that
f¯(zi) = (g1h˜)
−1zi(gih˜). (3.1)
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Let
h˜ = diag(b1, b2, . . . , b|Φ|; 1, . . . , 1︸ ︷︷ ︸
l
) ∈ Ĥ ′,
then we have
gih˜ = diag(ai1b1, ai2b2, . . . , ai|Φ|b|Φ|; 1, . . . , 1︸ ︷︷ ︸
l
)
for all i = 1, 2, . . .. Let zi =
(
Qi Ri
Si Ti
)
be a blockmatrix, whereQi = (qi,mn)|Φ|×|Φ|,
Ri = (ri,mn)|Φ|×|∆|, Si = (si,mn)|∆|×|Φ| and Ti = (ti,mn)|∆|×|∆|. Then by Equation
(3.1), for allm,n = 1, 2, . . . , |Φ|, we have
f(qi,mn) = a
−1
1mb
−1
m ainbnqi,mn = cmnainqi,mn,
where cmn = (a1mbmb
−1
n )
−1. Since ν(ain) 6= ∅ and ν(ain) ∩ ν(ajn) = ∅ for i 6= j,
then we can apply the Lemma 2.14 to the elements q2,mn, q3,mn, . . . and we get
qj,mn = 0 for all j > Nmn for some integer Nmn. ChooseN = maxm,n=1,2,...,|Φ|Nmn,
then we have Qj = (qj,mn)|Φ|×|Φ| = O|Φ|×|Φ| for all j > N . Using the similar
arguments to the matrices {Si}i, we conclude that all the matrices Si reduces to
the zero matrix for sufficiently large indices i. Therefore the matrix zi has the
following form for sufficiently large indices i
zi =
(
O|Φ|×|Φ| Ri
O|∆|×|Φ| Ti
)
.
Therefore, for i sufficiently large, det(zi) = 0, which is a contradiction as zi ∈
G′σ ≤ Aut(Lk). Hence R(ϕ) =∞.
This completes the proof.
3.2. Proof of Theorem 1.3. In view of Equation (2.2) and Lemma 2.13, it is
enough to show this theorem for twisted Chevalley group of adjoint type G′σ.
Let ϕ ∈ Aut(G′σ), then as in the proof of Theorem 1.2 in Section 3.1, we may
assume that ϕ = f¯ ◦ dh. Since Aut(k), the automorphism group of the field k, is
periodic, then the field automorphism f¯ is of finite order, saym.
Claim: R(ϕ) =∞.
Suppose if possible R(ϕ) < ∞. Let g(T ) = hα1(T )hα2(T ) · · ·hαl(T ) be an el-
ement of the twisted Chevalley group over k(T ). Consider the elements gi :=
g(xi), where {xi} is an infinite set of non-zero rational numbers. Since we are
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assuming that the number of ϕ-twisted conjugacy classes is finite, without loss
of generality, we may also assume that gi ∼ϕ g1 for all i = 2, 3, . . .. Therefore
gi = zig1ϕ(z
−1
i )
for some zi ∈ G
′ for all i = 2, 3, . . .. Then we have
gi = zig1ϕ(z
−1
i )
ϕ(gi) = ϕ(zi)ϕ(g1)ϕ
2(z−1i )
ϕ2(gi) = ϕ
2(zi)ϕ
2(g1)ϕ
3(z−1i )
. . .
ϕm−1(gi) = ϕ
m−1(zi)ϕ
m−1(g1)ϕ
m(z−1i ).
(3.2)
In view of Lemma 2.10, for all r = 1, 2, . . . , m, we get f¯ r ◦ dh = dh˜ ◦ f¯
r for some
h˜ ∈ Ĥ ′. Therefore ϕr = dh˜ ◦ f¯
r for all r. Since the field automorphism acts as
an identity on the prime subfield Q of k, then f¯(gi) = gi. Also, the diagonal
automorphism dh acts by conjugation, where h is an (|Φ| + |∆|) × (|Φ| + |∆|)-
diagonal matrix and gi is diagonal as well, so dh(gi) = gi for all i. Therefore
ϕ(gi) = (f¯ ◦ dh)(gi) = gi for all i. Therefore ϕ
r(gi) = gi for all r. From Equation
(3.2), we get gni = zig
n
1dh˜(z
−1
i ) = zig
n
1 h˜z
−1
i h˜
−1, since f¯n = Id. Then
gni h˜ = zi(g
n
1 h˜)z
−1
i ,
where zi ∈ G
′
σ and i = 2, 3, . . .. Since g
n
i h˜ = g(xi)
nh˜ and g(x1)
nh˜ = gn1 h˜ are
conjugate in GL|Φ|+|∆|(k), their traces are equal for all i = 2, 3, . . .. In view of
Lemma 2.16, we see that trace(g(xi)
nh˜) = trace(g(x1)
nh˜) ∈ k(T ) \ k, which con-
tradicts Lemma 2.15. Therefore R(ϕ) =∞.
This completes the proof.
3.3. Proof of Corollary 1.4. It follows from Remark 2.5 that Z(G′) is finite. By
Theorem 1.2 and Theorem 1.3 we know that G′ has the R∞-property. Hence, in
view of Lemma 2.17, the twisted Chevalley group G′ has the S∞-property.
This completes the proof.
3.4. Proof of Corollary 1.5. Suppose that [e]ϕ is a subgroup of G
′, then in view
of Lemma 2.19, [e¯]ϕ¯ is a subgroup of G
′/Z(G′). Therefore, by Lemma 2.18, [e¯]ϕ¯ is
a normal subgroup of G′/Z(G′). Once again recall that Robert Steinberg proved
that the twisted Chevalley group of adjoint type G′/Z(G′) is simple. Therefore
either [e¯]ϕ¯ = Z(G
′) or [e¯]ϕ¯ = G
′/Z(G′). Again by Theorem 1.2 and Theorem 1.3,
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G′/Z(G′) possesses the R∞-property. Therefore [e¯]ϕ¯ = Z(G
′) which implies ϕ¯ =
IdG′/Z(G′). Hence ϕ is a central automorphism of G
′.
Converse follows from Lemma 2.18.
This completes the proof.
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